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THE GLASSEY CONJECTURE WITH RADIALLY SYMMETRIC 

DATA 

KUNIO HIDANO, CHENGBO WANG, AND KAZUYOSHI YOKOYAMA 



Abstract. In this paper, we verify the Glassey conjecture in the radial case 
for all spatial dimensions. Moreover, we are able to prove the existence results 
with low regularity assumption on the initial data and extend the solutions to 
the sharp lifespan. The main idea is to exploit the trace estimates and KSS 
type estimates. 
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1. Introduction 

Let n > 2, p > 1, D = 9j^ — A, and a, & be constants. Consider the following 
nonlinear wave equations 

^ ^ ^ I u{Q,x) = uo(x) e iI,id(R"): dtu{Q,x) = u,{x) € i/4d(K") ■ 

Here H^^ stands for the space of spherically symmetric functions lying in the usual 

Sobolev space i?™. 

In the 1980's, Glassey made the conjecture that the critical exponent for the 
problem to admit global small solutions is 

2 

Pc = 1 + 

n — 1 
in [4] (see also Schaeffer [16] and Rammaha [11]). The conjecture has been verified 
in space dimension ti = 2, 3 for general data (Hidano and Tsutaya [P and Tzvetkov 
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2 KUNIO HIDANO, CHENGBO WANG, AND KAZUYOSHI YOKOYAMA 

[24] independently) as well as radial data (Sideris ^7\ for n — 3). For higher 
dimension n > 4, there are only negative results available (blow up with upper 
bound on expected sharp lifespan for p < pc) in Zhou I25j. 

The purpose of this paper is to verify this conjecture in the radial case for all 
spatial dimensions, by proving global existence for p > pc- Moreover, we are able 
to prove the results with low regularity assumption on the initial data and extend 
the solutions to the sharp lifespan (for all 1 < p < 1 + 2/(n — 2)). 

Before presenting our main results, let us first give a brief review of the history. 
The problem is scale invariant in the Sobolev space iJ*^ with 

n 1 

Sc = 77 + 1 - 



p-l 

For local well-posedness of the problem, it has been intensively studied at least 
for p S N, when the general result requires the initial data lie in H^ x H^~^ for 
s > max(sc, (n + 5)/4) (see Ponce and Sideris [13], Tataru [23], Fang and Wang 
[I] and references therein), li p > 3 oi p = 2 with n > 4, the problem is locally 
well-posed in if* x H''~^ for s > Sc, when the initial data have radial symmetry 
or certain amount of angular regularity (see Fang and Wang [3^ and references 
therein). 

For the long time existence of the solutions with C^ small data of size e > 0, 
it is well known also for the case oi p € N (even for the problem of quasilinear 
equations). When p > p^, we have global existence. For p = Pc, we have almost 
global existence with lifespan T^ which satisfies 

log(r,) ^ e'-p . 

Instead, if p < Pc, we have long time existence with lifespan 

p-i 

T^ r^ e i-("-i)(p-i)/2 ^ 

see John and Klainerman [9j, Klainerman [TOl, Sogge [2Q| and references therein. 
Moreover, the estimate on the lifespan T^ is sharp for the problem with nonlinearity 
|9tu|P (see Rammaha [15] for p = 2 and ti = 2, 3, Zhou [25] for p G M and 1 < p < 

Pc)- 

There is not much work on the long time existence with low-regularity small data. 
In [8] , Hidano and Yokoyama proved almost global existence for small if^^d ^ -^rad 
data when p = 2 and n = 3. It was generalized to the quasilinear problem in our 
recent work [6]. Ifp>3orp = 2 with n > 4, we have global (almost global for 
p = 3 and n ~ 2) va H^ with s > Sc and certain angular regularity (Sterbenz |22] 
and Fang and Wang [3j). 

We will use A^ to denote the norm of the initial data, 

A» := \\M\h'(«.^) + l|wi|lff-i(R"), * = 1,2 . 

Let d — {dx,dt) with dx = {dxi,dx2, ■ ■ ■ ,dx,t), x — rcu with r — \x\ and lo G S"^"'^, 
and (r) — \/l + r^. Now we are ready to state our main results. The first result is 
the global existence theorem for p > pc and n > 3. 

Theorem 1.1. Let n > 3 and 1 + 2/{n - 1) < p < 1 + 2/(n - 2). Consider the 
nonlinear wave equation (|l.ip . For any choice of si, S2 such that 1/2 < Si < 
n/2 — l/(p — 1) < S2 < 1, there exist constants C, eo > 0, such that if 
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then we have a unique global solution u to (jl.ip satisfying 

weC([0,oo);i7.2^d(R"))nCi([0,oo);i?i,d(R")) , 

\\ddxU\\L<^(\Q^oo)-L^(VL^)) + |k"'^(r)"^/^+'*'aaa;U||i2([o^oo)xR") < CK2 , 

where 

(1.2) ^^^(p-l),5-i^if^^|ilfc^. 

In contrast, when p — pc, we have the almost global existence. 

Theorem 1.2. Let n > 3 and p = I + 2/(n — 1). Consider the nonlinear wave 
equation (ll.ip . For any choice of s such that 1/2 < s < 1, there exist constants 
C, c, eo > 0, such that if 

.1/2.1/2 , aI-s AS ^ 

e := A/ A2 + A^ Aj < eo , 
then we have a unique almost global solution u to (|l.ip satisfying 

liaa,u|Uoo([o,T.];L^(M")) + e(^-i)/'||r-^'(r>-i/2+^-aa,u|U2([o,T.]xE") < CA2 , 

where 

T) — 2 s 

<5 = ^^(p-l), T, = exp(c6i-P) . 

For the case 1 < p < pc, we expect a long time existence of the solution. 

Theorem 1.3. Let n > 2 and 1 < p < 1 + 2/{n — 1). Consider the nonlinear wave 
equation (II. ip . There exist constants C, c > 0, such that we have a unique solution 
u to (II. ip satisfying 



w/ie 



-.^a1/2a1/2n 



T, =c(A;'"A2'")-2-(-i)(p-i) , 

l<P<l + ;r^ 

1 + 71^ <P< 1 + 71^ =Pc 




As can be observed from the statement, for p < pc, we do not require the 
smallness of the initial data, in contrast to p > pc- 

Remark 1.1. In our Theorems, the assumptions posed on the initial data are 
of "multiplicative form", which is considered as one of the main innovations in 
this paper. For example, in Theorem \1.3[ the quantity A^ A^ is in fact scale- 
invariant, and it scales like the homogeneous Sobolev space H^'^ . The assumptions 
in the other two Theorems are almost critical, which scale like H^'^ n H^l'^^'^ for 
p — Pc and H^""'^ n H^"^'^ for p > pc, with the critical scaling regularity Sc — 
n/2 + 1 — l/(p — 1). One of the advantages of using the "multiplicative form" is 
that, for p > Pc even if Ai is not so small, we still have (almost) global solutions 
when A2 is sufficiently small. 
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Here, we would like to point out an interesting similarity between the Glassey 
conjecture and the Strauss conjecture. Recall that for the Strauss conjecture, where 
the nonlinearity is \u\p, we find similar phenomena. Besides the critical regularity 
Sc = n/2—2/{p—l), there is one more Sobolev regularity, namely Sd = 1/2— 1/p (see 
Sogge [20] Section IV. 4), as far as the radially symmetric functions are concerned. 
The critical exponent p = po for this problem to have global small solutions is given 
by the positive root of the equation 

(n- l)p2_ {n + l)p-2 = . 

There is an interesting relation between these two facts: ii p > 1, we see that 

Sc > Sd if and only ii p > po , 

and the sharp lifespan for 1 < p < pq has the order e^/i'^c-sa) ^ 

Interestingly enough, for the Glassey conjecture, the index 3/2 plays the same 
role as Sd- We have Sc > 3/2 if and only Up > Pc for p > 1, and the sharp 
lifespan T* has also the order ei/(*'=~3/2) j^j. ^ ^ ^^^ These observations strongly 
suggest that, for the equation (jl.ip . by adding certain amount of angular regularity 
if necessary, the minimal regularity for the problem to be well-posed is 

(^ 

max — , s, 

V2 

When n = 2 and p > Pc = 3, it seems to us that the methods to prove the 
preceding theorems are not sufficient to give satisfactory results. In spite of that, 
we can use the generalized Strichartz estimates of Smith, Sogge and Wang [19] to 
prove the following global result for p > pc- 

Theorem 1.4. Let n = 2 and p > 3. Consider the nonlinear wave equation (jl.ip . 
There exist constants C, eo > 0, such that if 

then we have a unique global solution u to (jl.ip satisfying 

u g CtHl^nClH}^^, \\du\\L^Li < CAi, \\dd,u\\L^Li < CA2, \\du\\^,-i^^ < Ce . 

Remark 1.2. For p = pc and n ~ 2, it has been proved in Fang and Wang [3] that 
the problem has a unique almost global solution with almost critical regularity for 
small data, which is not necessarily radial. A similar result for p > 3 and p G N 
has also been obtained there. 

This paper is organized as follows. At the end of this section, we list our basic 
notation. In the next section, we give several Sobolev type estimates related with 
the trace estimates. In Section 3, we prove some space-time L^ estimates, which 
are variants of the Morawetz-KSS estimates. In Sections 4 and 5, we give the proof 
of the (almost) global results for n > 3 (Theorems 11.11 and II. 2p and the scale- 
supercritical result for n > 2 (Theorems II. 3|) , based on the results from Sections 2 
and 3. In the last section, a simple proof for p > pc and n — 2 (Theorem II. 4p is 
provided, by using the generalized Strichartz estimates of [TO] . 

Notation. Let S G (0, 1/2), S' < S. We denote D = >/— A and the homogeneous 
Sobolev norm 

\Mhs = I|D^W|U2(K.) . 
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The homogeneous Sobolev space i/* with s < n/2 is defined as the completion of 
C^ with respect to the semi- norm || • ||^s. 

For fixed T > 0, we wih use the fohowing notation. We use || • Wsi {i ~ 1, 2) to 
denote the energy norm of order i, 

\Me = IklUi = |iau|lLoo([o,T];L2(R„)) , 



We wiU use |j • \\le to denote the local energy norm, 



\u\\lE = \\u\\LEt 



k"'W/'+''a«llL^([O.T]xE") 

-f||j.-i-'5(r)-i/2+<5' " 



U||l2([o_T]xR") 
+ (l0g(2 + T))-l/2 |L-5^^^-l/2+5 l^l^^l ^ M) 



j^rj.S-1/2 



\du\ + H 



L2([0,T]xK") 



L2([0,T]xIf 



Here, when n < 2, we will assume that there are only terms about du. On the basis 
of the space LE, we can define HuJIlb^ — ||52;u||l£; and 



LE* = r-'{rY'-^'^Ll^ + (log(2 + T))-^/^r-' {r)'-^'^ LJ ^ + T'-^/\-' E 



-S r2 



where h G fLJ^ means that h = fg for some g G E^ ^. When T = oo, by EE norm, 
we mean 



\u\\lE= \\u\\LE^ = \\r ^{r) ^/^+'''au||i2([o.oo)xE") 

+ sup^>o(log(2 + T))-i/2 jr''(^r)-^/2+5 |^|9,^| ^ M) 



+ supT^oT'-^/^ 



r-'[\du\ + if 



M 



L2([0,T]xR") 



L2([0,T]xI[ 



2. Sobolev type estimates 

In this section, we give several Sobolev type estimates related with the trace 
estimates. 

First, we state a variant of the Hardy inequality. 

Lemma 2.1 (Hardy's inequality). Let n > 2 and 0<s<l(s<l for n — 2). 
Then we have 



(2.1) 

for any u G H^ . 



\\r-^u\\L2<C\\u\\l-,^dru\\l. 
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Proof. We only need to give the proof for u e C^. First, we prove p.l|) for 
s > 1/2. Since s < n/2 and s < 1, we have 



\Ll 



S"-i ^0 



< 
< 
< 
< 



S"-i Jo 

1 

n — 2s 
1 



n-2s 7s"-i Jo 
2 



n-2s 7s"-i7o 



r-'^'\u{rLu)\\''-^drdLO 

OO 

r^-^^luWdrulr^'^drduj 



n-2s 

2 
n — 2s 



n — 2s 



\\r'-''u\\Ll\\drU\\L2 



where we have applied the Holder inequality in the last step. This gives us the 
required estimates with C = (2/(ri — 2s))* and s > 1/2. The case s = is trivial. 
For s £ (0, 1/2), we can use the result for s = 1/2 to prove the estimate as follows 



\LZ 



< 



(r-1/2 




u\'-'^ 


{r-'^'\u\f 




r-'/^u 


2* 1, ||l-2s 

\\u\\t2 




Ll 


X 



|l-2s|| 

r2/(l-23) 



< 



n- 1 



I II 1 — s no II s 
\u\\^2 \\drU\\^2 



With the help of the Hardy inequality, it will be easy to prove trace estimates. 

Lemma 2.2 (Trace estimates). Let n > 2. If 1/2 < s < 1 {and s < 1 for n — 2), 

then 



(2.2) 



\\r'''^-'u\\L^Ll<C\\u\\\r\\dru\\ 



LI 



for any u € i/ (R"). In particular, if s ^ 1/2, we have 



(2.3) \\r("-'yML^Ll<C\\u\\l{'\\dru\\]^,^ 
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Proof. We only need to give the proof for u E C^. The assumptions on s tell us 
that 71 - 2s > 0, < 2s - 1 < 1 and 2s - 1 < n/2. Then by using (|2.1|) . we see that 

R"^^'\\uiRuj)\\l2 = -i?"-2" / / dr\uiruj)fdrduj 

JS"-i Jr 

< 2 /" f r''~^'\u\\dru\drdio 

JS"-i Jo 

< 2\\r'-^'u\\L2\\dru\\L2 

< C\\u\\lf^\\drU\\l%, 

with C independent of i? > 0. This completes the proof. ■ 

We will also need to use the following variant of the trace estimates for the proof 
of Theorem 11.31 in the case of n = 2 and 2 < p < 3. 

Lemma 2.3. Let n>2. If s >0, then 

(2.4) Wr^uh^L.^ < ^/2||r-("-l)/2^||^p|r-("-l)/2c).z,||^(2 , 

for any u such that the right hand side is finite. 

Proof. If u e C^, this inequality follows from a simple application of integration 
by parts and the Cauchy-Schwarz inequality, 

\yu\\l2 ^ r'^' [ \u{ru})fduj 



-1 

oo 



dR\u{Ruj)\'^dRduj 

< 2 / / R^''\u{Ruj)\\dRu{Rj)\dRduj 

JS"-i Jr 

< 2 [ f R^''-^"-^^\uiRu;)\\dRu{Ruj)\R''-^dRdu; 

^S"-i Jo 

< 2||r^"("-i)/2y||i2||r'^-("-i)/2a^u||i2 . 

Here the condition s > is used to control r'^" by R^^. 

In general, if w e r^'^^^^/^^^L^ and dxU e r("~^)/^~''L^, we only need to con- 
struct a C^ sequence which is convergent to u in the corresponding norm. Define 

Ul,mix) := 'ipl{x){p.m * u){x) , 

where ipi{x) = ip{x/l), Pm(x) — m"p{mx), ip,p G C(j", p > 0, /jj„ p(x)dx = 1 and 
'4}{x) = 1 for \x\ < 1. We recall the n-dimensional version of (4.2) of Lemma 4.2 in 
our previous paper [6^, 

(2.5) / ^lM_dy<C\x\-'^, a<n, 

JR" \x — y\ 

where the constant C is independent of tti > 1. 

We claim that there exists a function m = m{l) such that ui„^n\ — > u in 
7-("-i)/2-s7^2 as Z -^ oo. If it is true, then we also have (9a;u);_m(;) — )■ d^u in 
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For the first term, we see that 

^ kr-("-i)/^|aV) (y) Pm{x - y)u{y)dy 



LI 



< 



c 



c. 



|xr ("-i)/2pi/2(x - y)u{y)U.\\pU\x - y)h. 



LI 



< -|||xr-("-l)/2pV2(^_y)„(y)||^,^, 



c, 



|s-(„-l)/2, 



< -\\\yr'''-'>'My)\\Li 



0, 



as Z — ^ oo, where we have used the inequahty (I2.5P with a = n — 1 — 2s and the 
fact that s > —1/2. This gives us the convergence of dxUi^m(^i) to dxU. 
To complete the proof, it remains to prove the claim. Observe that 

UUrn -U^ ^i{x) {{p„r * u)(x) - u{x)) + {t/jlix) - l)u{x) . 

For the second term, since 

r'*~(""i)/2(V'i(x) - l)w(x) -^ a.e. a; G M" 

as I — > oo, and 

|^s-(«-i)/2(^^(^) - l)u{x)\'^ < C|r"-("-i)/2M(x)|' G L^ , 

we see that, by Lebesgue's dominated convergence theorem, {ipi{x) — l)u(x) —> 
in r(«-i)/2~s2.2 as / ^ oo. 

We only need to control the first term-0;(x) {{pm * u){x) — u{x)). Since r''^'"^-'^^/^^ G 
i^, for any e > 0, there exists a continuous function g such that 

supp 5 C {a; G R" : i?i < |x| < R2} 

for some < i?i < i?2 < 00, and 

||^.-(„-l)/2^_^|,^^<^^ 

To deal with the term ^pi{x) {{pm * w)(x) — u(a;)), we rewrite it as follows 

tpiix) {{pm * u){x) - u{x)) = il;i{x) {pm * {u - G) + {pm * G ~ G) + G - u) , 
where G{x) ;= 7'-'*+("-i)/2g, We easily see that 

||r^-("-i)/VKa:)(G - u)\\l2 < G\\g - r'-^'^-'^/^h^ < Ce . 
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For the term involving pm * (u — G) , we obtain 



< C 

< c 



\xr^''~'^/^Prnix~y)iu-G)iy)dy 



LI 



^|.-(„-i)/2^V2(^ _ y)(^ _ G)(y)U.\\p]i\x - y)U. 

< C\\ |xr-("-i)/2pV2(^ _ y)(„ _ G)(y)|U.i. 

< G|||yr-("-l)/2(^.-G)(y)|U.<Ge, 



LI 



where we have used the inequahty (j2.5p with a = n — 1 — 2s and the fact that 
s>-l/2. 

FinaUy, we consider the term involving (pm '*'G — G). Note that G is a uniformly 
continuous function, 



\ipm * G){x) - G{x)\ = 
< 



Pr,i{x - y){G{y) - G{x))dy 



sup \G{y)~G[x)\ 

\y — x\ < C/rn,a^, yGsuppG 



as m — )■ oo. Since supp t/-/ C {x G W : |x| < CI}, 

||r^~("-i)/2v>Ka;)((p„, * G)(x) - G(x))|U. 

< G||r^-("-i)/2((p,„ , G){x) - G(:E))||i.(|,|<co 

< G/"+i/2 gyp |G(2^)_G'(a;)| ^0 

y~a:| <C/rn, a:, yGsuppG 

as TO — >■ cxD, for any fixed I. This completes the proof. ■ 

As we may observe, all these estimates hold for general functions. Typically, we 
will apply these estimates to du, which is not radial, even if u is radial. This is the 
main reason for us to state all the estimates above involving the Lf^ norm. In this 
way, as we can see in the following lemma, we can easily control dxU and drU. 

Lemma 2.4. Let u — u{x) be a radially symmetric function. Then 

(2.6) \dM = \dru\=A-l'^\\dM\Li 

withAn-1 = |S"-i|. 

The proof is just a simple calculation. Since u is radial, we see drU is radial. 
Further, 

X X 

dxU — —drU, \dxU\ — \ — \\drU\ — \drU\ , 

r r 



and 



Thus, 



\drU\\Ll = A,Y_^J9ru| 



\dxu\ = \dru\ = A„li 119^^11^2 = A^^]'^\\dxu\\L2 
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3. Space-time L"^ estimates 

In this section, we prove the space-time L^ estimates, which are variants of the 
Morawetz-KSS estimates. 
Consider the wave equation 

, . { Uu = F, {t, a;) G M X M" 

[_ u{0,x) — uo{x), dtu{0,x) — ui{x) . 

Lemma 3.1 (KSS type estimates). Let n > 1, < S < 1/2 and 6' < 6. For any 

solution u — u(t,x) to the wave equation (13. ip . we have the following inequality 

(3.2) \\u\\e + \\u\\le < CiWd^uohi + Wuihi + \\F\\lIli) , 

where C is independent ofT > and the functions uq G H^ , ui G L^ and F G L\L'^. 

This is a standard estimate now. The estimates of this type together with the 
apphcation to nonhnear wave equations originate from the work of Keel, Smith and 
Sogge [11] . The variants with LE norm including the homogeneous weight r~ are 
due to Hidano and Yokoyama [7]. Here, for completeness, we give a proof. 
Proof. To begin the proof, let us recall the classical local energy estimates of 
Smith-Soggc (Lemma 2.2 in [18 ) 

(3.3) ||/3(x)e^*°/|U2(R,R„) < C„,^,^|l/|l^, , 

for P G C^ and 27 < n — 1 . The inequality (|3.2p follows from this inequality with 
7 = (and 7=1 for n > 3), together with the energy estimate. 

First, owing to the Duhamel principle and a standard scaling argument, it is 
enough to prove the following six inequalities 

(3.4) ||r--^e''°/|U.([o,i]xM") < C\\fUi , < 5 < 1/2 , 

(3.5) (log(2 + T))-^'^r-'{r)-^'^+'e^'^fU^^^^^T].K^) < C\\fhi ,S<l/2, 

(3.6) |k-^(r)-i/2+^'e'*°/|U.(K,R.) < C\\fhi , 6' < 6 < 1/2 , 

(3.7) ||r-i-V*D/|U.([o.i]xE") < Cll/ll^i , < <5 < 1/2 , n > 3 , 

(3.8) 
(log(2 + T))-i/2|lr-i-*(r)-i/2+V*°/|U.([o.T]xR'^) <qi/llHi ,S<l/2,n>3 

(3.9) |lr-i-*(r)-i/2+*'e^*D/|U.(R,R„) < C||/||^, , S' < 6 < 1/2 ,n > 3 . 

We begin by the proof of the first three inequalities for r < 1 and (|3.6p for r > 1. 
From (|3.3p with 7 = and n > 1, we see that 

l|e'* /||L2(Rx{r<l}) < C'II/IIl^ ■ 

A standard scaling argument leads us to 

(3.10) sup2-^/2||e^*D/||^.(Kx{.<2.}) < C\\f\\L2 , 
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and so for any S < 1/2, 

'■3-J<0 

< cil/iu. . 

Similarly, for any S' < S < 1/2, since r < (r), we obtain 

Ir \^/ e /||L2(Rx{r>l}) 

< l|r^'-''-'/'e»*°/llL^(Mx{.>i}) 

< c(2(^'-^)^-2-^/2||e^*D/||i.(„,{2,-,<,<2,„) ^ 

< Csup2--'"/2||e**D/||^,(jj^^2,_,<^^<2,j 

< CII/IU2 , 

which is p.6p for r > 1. 

It remains to prove p.4p and p.Sp for r > 1 . For p.4p , because of the assumption 
(5 > 0, we can easily get by the energy estimates 

lk~ e' /llL2([0,l]x{r>l}) < l|e* /||l2([04]xR") 

^ II ^**D f I 

< l|e /||L~([o,l];i2(K")) 

< c^ll/IU^ ■ 

For p. 51) with r > 1, we consider 1 < r < T and r > T separately. For r > T, 
since (5 — 1/2 < and r < (r), we obtain 

II -Si \S-1/2 itD _f\\ ^ \\ -1/2 itDrn 

^ r7n-l/2|| iiD/'l 

^ J l|e /||l2([o,t]xB") 



< 



ll^'tU f\\ 

l|e /||l~([o,t];L2(r-)) 



Now we give the estimate of p.5p for 1 < r < T. By p.lOp and the elementary 
inequality 2[^°'°s(2+t)] > j^ (where [M] denotes the greatest integer not greater 
than A/), we have 

ll^-'5/^\<5-l/2^JtD fw 

W V) e /||L2(Rx{l<r<T}) 

< <-'lr ' e j|lL2(Rx{l<r<T}) 

< C(log(2 + r))i/2sup2-^/2||e"D/|U2(R,{2.-i<.<2.}) 

< c(iog(2 + r))V2||/||^, . 

This completes the proof of the first three inequalities. 

The inequalities p.7p - p.9p follow from basically the same proof, by using 
with 7 = 1 and Hardy's inequality. For example, to prove p.7p for n > 3, we use 
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(|3.3p with 7 = 1 (since 1 < (n — l)/2 for ?i > 3), which tehs us that 

l|e'* f\\L'^(Rx{r<l}) < C'll/ll^i . 

A standard scaling argument leads us to 

(3.11) SUp2-''^/^\\e''''f\\L2(Ux{r<2.}) < qi/llffi , 

and so for any 6 < 1/2, 

< Csup2-3j/2||e**D/||i2(Rx{2.-i<r<2.}) 

< c'li/ii^, . 

For (|3.7p with r > 1, since i5 > 0, we can easily get by the energy estimates and 
Hardy's inequality (|2.ip with s = 1, 



S:3<0 



,-l-i5„itD j-ii ^ ll„-l„itD. 



/l|L2([o,l]x{r>l}) < \\r e' /|1l2([0,1]xR") 

< l|De' /||l~([0,1]:L2(R'.)) 

< ^II/IUI , 



which completes the proof of (j3.7p . ■ 

When ri > 3, we can prove the following inhomogeneous KSS type estimates 
with LE* norm on F. 

Lemma 3.2 (Inhomogeneous KSS type estimates). Let n > 3, < S < 1/2, 
and S' < S. For any solution u = u{t,x) to the wave equation (|3.ip . we have the 
following inequality 

(3.12) \\u\\e + \\u\\le < C(||9,mo||l2 + \\ui\\l2 + \\F\\le') , 

where C is independent o/T > and the functions uq G H^ , ui G L^ and F G LE* . 

Proof. i) Let us first consider smooth solutions. For such a case, we have 
the space-time L^ estimates even for certain small perturbations of the Minkowski 
metric (see [U], [T^ and our previous work [5]). Recall that using Lemma 2.3 and 
(2.30) of [6], we can get 

Jo J{xeR":l<r<T}^ ^ r / 

(-T r .IA„,|2 „,2 



Jo J{xeR":l<r<T}^ ^ T^ ' 

7{xeR"; l<r<cx>}^'' 



+25-2(5' ' ^3+2(5-25' 

< C(||VW0|li2(K") + ll"l|li2(R-)) 

+C f f ( \du\\F\ + ^-^^] dxdt 
Jo Jk" V [r) J 
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for any smooth solution u to the wave equations p.ip . T > \, 6' < 5 and < (5 < 
1/2. We will also need a slight variant of Lemma 2.2 of [6]. Observe that if we 
choose the function 

with k — 1 — 2(5 e (0,1) and A > 0, then the same argument as in the proof of 
Lemma 2.2 of [6] will tell us that 

(3.14) 



A2*-1 






< c(||vuo||i2(R„) + ||Mi||i2(R„)) 




ic/7 ("i-iin 1 i^ii^i 




'^ioLr " ' ' r2^(r + A)i-^ 



where the constant C is independent of A > 0. We only need to check the new 
relations (instead of (2.15) and (2.16) there) 

/ r(r):^a jA '"-" //\ fc(i-fc)A^ 

and substitute these new relations to (2.12) and (2.17) there. 

On the basis of (|3.13l) and (|3.14p . together with the standard energy estimate 

(3.15) sup I \du\^dx<C\\\du{Q)\\l^^r..+ I f \du\\F\dxdt] , 

it will be easy to prove the required estimates for the smooth solutions. Suppose 
T > 1 first. By applying (I3.15P to the integrals over {r > T}, we see that 



\"-\\LE{r>T) 



Tr APin,\2 



l^"l ■ " ^dxdt 



< sup / \du\^dx + T''-'f f ( 2^ 

tG[0,T]jR'> Jo J{xeE."-r>T}^ *" 

Jo J{xeR":r>T}^ ^ ^ ' 

f ( ( \du\^ u^ \^ 

+/ / \ri+2S-2S' ^ r3+2S-2S' 1"'^"'^ 

Jo J{a;GR";r>T}^^ ^ ^ 

< sup / \du\^dx + 3T-^ / (|9up + ^)da:rfi 

te[0,T]JE" Jo J{xGK";r>T}^ '' ' 

r 2 

< C sup / f|9u|2 + ^Va; 

< C sup / laupda; 

te[0,T]JR" 

< C(l|Vuo|li2(R„) + |liii|li2(K„)+ / / |au||F|da;dt), 
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where we have apphed the Hardy inequahty (|2.1[) with s = 1. For the integral over 
{r <T}, we use (f3J3| and ([3111) with A = 1 to get 



M\lE{r<T) < C'(l|VMo|li2(R„) + ||wi|li2(R„)) + C 



\du\\F\ 



\u\\F\ 



dxdt. 



Then an apphcation of the Cauchy-Schwarz inequahty yields the required estimate 
(I3A2)) for T > 1. 

To prove the general result for any T > 0, we only need to control the term 



A[i 



_ rpS~-l/2 



-S 



\du\ + ^ 



L2([o,T]xR") 



for T £ (0, 1]. To control this, we only need to apply ((XTi)) with A = T and ([XTC)) 
as follows: 



A[u] 



_ rp2S-l 



\du\ 



-s 



\du\ 



L2([0,T]xR") 
2 

L2([o,T]xM":r<T) 



\du\ 



< CT 



+ C 



2(5-1 



L2([o,T]xB":r>T) 
2 



\du\ 



\du\ 

2 



L2([0,T]xK":r<T) 



Lr([0,T];L2(R")) 
2 



< C'(I|Vuo||l2(R") + I|mi|Il2(R")) 



+c 



f I (\du\\F\ 



\u\\F\ 



dxdt . 



Once again, an application of the Cauchy-Schwarz inequality gives us the required 
estimate (|3T2|) for T < 1. 

ii) We next consider the case where u is not smooth. By Lemnia l3.ll we only need 
to prove for the case uq = mi = 0. Fix T e (0,cx)). Observe that for < ^ < 1/2, 
we have the Hardy inequality 

\\r~'u\\L2<C\\u\\^s<C\\u\\H^, 

which means r'^Ll C H-\ and so LE* C L\H-^{[Q,T] x R") if T < oo. Thus by 
the standard existence and uniqueness result of the linear wave equation, we have 
u e CtHl-^ n ClH-^{[Q,T] X R"). 

We claim that there exists a sequence of smooth functions Fk such that Fk ^ F 
in LE*. If it is true, then Uk are Cauchy sequence in Ei n LEi, and Uk ^ u 
in CtH]^-'^ n C}H-^{[0,T] x R"). This tells us that {ufc}^i converges to u in 
El n LEi , and so 

\\u\\EinLEi = lim \\uk\\EinLEi < C lim H-F/cUlb* = C\\F\\le' , 

fc— J-oo /c— >-oo 

which imphes f|3.12p . 
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To complete the proof, it remains to prove the claim. 
Proof of the claim. Without loss of generality, we give the proof for F e r^^ L^ ^. 

Let F{t,x) be the zero extension of r^F £ Ll,^{[0,T] x R") in M x M". Let ^(a;) e 
C^(R") be a function with the properties (j) > 0, J^„ (f){x)dx — 1, (j) — \ near 0. 
We will also choose its one-dimensional counterpart ■(/'(i) G C^(M). Define (j)k{x) = 
2fen0^2'=a:) and ijjkit) = 2^il){2^t). Then the standard results of approximations of 
the identity give us 

Fk = {4>k{x)Mt)) *t,x F^Fin Ll^i[0,T] x R") , 
that is, 

F^ := r-^Fk -> F in r-^Ll^{[0,T] x R") . 

Notice that F^ is smooth except at a; = 0. It suffices to set Fk{t,x) = (1 — 
(j>{2'^x))F^{t,x), which is smooth for any t,x. Indeed, by Lebesgue's dominated 
convergence theorem, we see 

\\r (Ffc -i^)||L2^^([o,T]xR") 

< \\{Fk - F)(l - <^(2'=x))L.^^([o,T]xR") + ||0(2'=a;)FL2^([o,T]xK") 

< \\Fk - F\\lI^(Io,t]xR") + l!0(2''a;)F||i2^([o^i.]xR„) ^ as fc -> oo . 
This completes the proof of the claim and hence that of Lemma 13.21 ■ 

4. Glassey conjecture when n>3 

Now we are ready to present our proof of the Glassey conjecture for radial initial 
data. 

Let us first formulate the setup of the proof for existence and uniqueness. Define 

(4.1) Xt: ={ ueC{[0,T];HUm)(^L°°i[0,T];Hl^{W^)): 

dtueCi[0,T];Ll^iW^))nL°^i[0,T];HUR-)), 
||u|UinB2 + \\u\\LEinLE2 < oo} • 
For i?i > and i?2 > 0, we next define 

X{Ri,R2;T):={ueXT: \\u\\e„ + \\u\\le^ <B^,t = l,2} . 
Endowed with 

(4.2) piu,v) -.^ \\u-v\\ei + \\u- v\\lei , 

it is easy to check that X{Ri,R2;T) is complete with the metric p{u,v). 
For fixed {uo,ui) € Hf^id ^ -^rad' "^^ define the iteration map 

(4.3) <P[u]{t) := u^'^Ht) + I[N[u]] , 

where u'-'^^t) = cos(tD)Mo + D^^ sin(fD)ui is the solution of the linear Cauchy 
problem, 

(4.4) N[u]:=a\dtu\P + b\V.,u\P , 
and 
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For the nonlinearity -/V['u], we have the properties 

(4.6) I^^^MI < C\du\P-^\d^du\ , \a\ < 1, 
and 

(4.7) \N[u] - iVHI < Ci\du\P-^ + \dv\P-^)\diu - v)\ . 
Notice that w = $[u] is defined as the sohition to the following equation 

av = N[u], {t,x) eMx M" 



\ v{0,x) =uo{x), dtv{0,x) = ui{x) 

We aim at showing that $ is a contraction mapping of X{Ri, R2;T), if we choose 
Ri, i?2 and T suitably. 

4.1. Glassey conjecture when p > pc and n > 3. Consider the nonlinear wave 
equation (|l.ll) for p > pc and n > 3. 

Let us begin with the estimate of the homogeneous solution, u'-^\ which follows 
directly from the application of Lemma l3.1l to u and dxU with F = 0. 

Proposition 4.1. Let n > 2. There is a positive constant Ci, independent of 
T > 0, such that the following estimates hold 

(4.9) h^lU, + \\u('^\\le, < Cidia^^olU^ + IkilUO , 

(4.10) ||u(")|U, + \\u^"'>\\le, < Ci{\\dluo\\L2 + \\dxm\\L2) . 

Next, we give the estimate for the inhomogeneous part. 

Proposition 4.2. Let pc < p < I + 2/(n — 2) and n> 3, u £ Xoo and si, S2 such 
that 1/2 < si < n/2 — \/{p — 1) < S2 < 1- Set 5 and 6' as in (|1.2|) . Then there is 
a positive constant C2, such that the following estimates hold 

(4.11) ||/[A^M]|U,nLi.^ <C2(||u||^;-h||- +||u||^;-||«||-)p-1||«|Ub,, » = 1,2. 
Moreover, ifu,v£ X^o, we have 

(4.12) ||$M-$H||B,nLBi 
<C3\\u-v\\le, 

>^{M],-'^\\u\\% + \\u\\l-'^u\\% + \\v\\l-^^\\v\\% + \\v\\l-^^\\v\\%r-' , 

for some C3. 

Proof. First, by Lemma [2.21 we have for any s E [1/2, 1], 

Fix si, S2 such that 1/2 < si < n/2 — l/{p — 1) < S2 < 1. Then we have 

(4.13) \\u{ruj)\\L2^ < Cr''--"/^rr'-'-i\\u\\l-,J'\\dru\\l\ + \\u\\]^J'\\dru\\l\) . 
By Lemma [23 we have for u e X^o, 

(4.14) \du\ < cr^^-^'irr-^HMir^wuri + Mi-'^wuri) . 
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From (|4TT4l) . (|4?6l) and ([L2l) . it is clear that, for z = 1, 2, 
J2 \\r\ry/'-''d^N[u]\\r^. 

|q|— i — 1 

< C ^ \\r^{ry^^-^'\du\P-^d^du\\L2 

\a\—i — l 

< Ci\\u\\]7;^\\u\\% + \\u\\],-^^u\\%r-' 

Q| = i-1 

|a|— i— 1 

It is easy to check that S and 6' satisfy < S < 1/2 and S' < 5. Now applying 
Lemma 13.21 to d^u with |a| < 1 and uq — ui = 0, we have for i = 1, 2, 

\\I[N[u]]\UnLE, 

\a\—i—l 

< Ci\\u\\],-^^\\u\\% + \\u\\],-^^\\urir~' Y. \\r-'{r)-'/'+''d:duh.t^io.ooy,Ll) 

|a|— ?' — 1 

This proves (|4.1ip . A similar argument with (|4.7p instead of (|4.6p will yield (|4.12l) . 



With these two Propositions 14.11 and 14 . 2 1 in hand, it will be easy to show Theorem 
fm Setting 

A* :== ||uo|Ihx(r..) + I|wi|Ih>-i(r™), « = 1,2 , 
we find by Propositions 14.11 and 14.21 that the mapping $, defined by ()4.3p . is a 
contraction mapping from X{2CiAi,2CiA2;T) into itself, for any T > provided 
that 

(4.15) C2{2Ciy-\Al-''A'2' + Aj"'^A^^)P-i < 1/2 , 
and 

(4.16) C3(4Ci)P-i(Aj-'*iA^i + Al-'^A'^^)P-^ < 1/2 . 
Define a positive constant Cq by 

Co~^^~'' =max(2C3(4Ci)P-\2C2(2Ci)P-i) . 
Then we see that when 

(4.17) A^^'i A^i + A^^'^A^^ < Co , 

the map $ is a contraction mapping of A(2CiAi, 2C1A2; T) for any T > 0, the 
global in time unique fixed point u G X(2CiAi, 2C1A2; cx)) is the solution which we 
seek. 

To complete the proof of Theroem 11.11 we also need to establish the regularity 
of u, i.e., 

(4.18) dlu e C([0, 00); H^-\W)),i = 0, 1, 
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and the uniqueness of the solution u. 

First, for the problem of regularity, it suffices to show 

dlu€C{[Q,oo);H'^~'{W')),i = {),l . 

In fact, using the inequalities (|4.1ip . (14.15^ and the fact that u € Li?2, we have 

\\dd.Au{T)-um\\Li 

- \\dd,mu]{T)-u{m\Li 

< c,i\\u\\]i^^^\\u\\% + \\u\\i-^-^\\urir-' 

X \\r-'{r)-^/^+''dd^u\\L2ao.nLl) + 0(1) 

< \\r-\r)-'^'+''ddM\LH[o.T];Ll) + o(l) = o(l) 

as T — > 0+. This proves the continuity at i = 0. Recall that our solution satisfies 
u = $[m], which tells us that we can also view u as the solution to the linear wave 
equation Ov = N[u\{tQ + t) with initial data (u(io), 9tu(to)) at any other time 
to G (0, cx)). Then a similar argument will give us the continuity at any t e [0, oo). 
Now, we turn to the proof of uniqueness. Assume there exists another solution 
V e Xoo n CtH'^ n C}H^, with the same initial data. Recall that u,v e CtH'^ n 
C^H^. If we restrict these solutions to small enough time interval [0,r], owing to 
dd^{u — v){0) = 0, we have 

Yl ll^^>llc([0,T];L2) < Yl i\\^^"iu-v)\\cao,nLl) + \\9d°u\\c(lo.T];Ll)) 

|q|— 'i— 1 |a|— z— 1 

< o(l) + 2CiA, , 
as T — > 0+. Using the inequality (|4.12l) . we see that 

x(hii^r ii^^iia + \Me7i^\\% + MeTm% + \\v\\E-nM%\r-' 



< J||r-^(r)-l/2+^'9(^.-^;)|U.([o,T];L^) 



provided T > is small enough, where we have used (|4.17p and (|4.16p . By this we 
arrive at the conclusion that u = v for t e [Oj T], which shows the uniqueness. This 
completes the proof of Theorem 11.11 



4.2. Glassey conjecture when p = Pc and n > 3. Consider p.ip for p = Pc and 
n>'S. 

The estimate of the homogeneous solution, m*^"-', is given by Proposition 14. 11 We 
only need to give the estimate for the inhomogeneous part. 

Proposition 4.3. Let p = Pc and n > 3, u E Xt and s E (1/2, 1]. Define 
(4.19) s = ——{p-l). 
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Then there is a positive constant C4, independent ofT>0, such that the following 

estimates hold 

(4.20) 

WlWHUnLE. < C4log(2 + T)(h||^/f||u||^^^ + ||u||^7||t.|||,JP-i||«|UB., * = 1,2 . 
Moreover, we have 

(4.21) \\<^[u]-^v]\\E,nLE, 

<C5\0g{2 + T)\\u-v\\LE, 

for some C5. 

Proof. First, by (|4.13p with si — 1/2 and S2 = s, we have 

(4.22) ||w(rc.)|U2 < Cr^-"/2(r)i/2-«(||y||V2||5^^||i^^ ^ H^^Hif ||9rw|jl.) • 
By Lemma [mi we have for u e Xt, 

(4.23) \du\ < Cr-"/^ (r)i/2-(|l«||^/^||«||^/^ + ||u||^7llz.|l^J . 
From (|i^ and (|i^ . it is clear that, for i = 1, 2, 

J2 \\r'{7-y^'-'d^N[u]hi 

\a\=i-l 

\a\—i—l 

X ^ \\r^+is-n/2)(p-l)(^^y/2-S+(l/2-s){p-l)Q^g^^^^^^ 

\a.\—i — l 

= Ci\\u\\'J^\\u\\'l' + \\u\\l-^\\urEjP-' ^ \\r-'{r)-'/^+'d^duh.. 

|q|— i — 1 

Now applying Lemma [3 .21 to d^u with |a| < 1 and uq = 7ii = 0, we have for i = 1, 2, 

\\m[u]]\\E,nLE, 

< C(log(2 + T))i/2 ^ \\r'{ry^'~'d^N[u]hmo,T]:Ll) 

\a\—i — l 

< C(log(2 + T))l/2(||^.|l^(^||^.||^// + ||^.||^7||«||l,J^-l 

la|=i-l 

< Clog(2 + T)(||^.||l/f||^.||)/Vh||^7||^.|||;JP-lh|U^. . 

This proves (|4.20p . A similar argument with (|I77)) instead of (|i^ will yield (|4.2ip . 
Here, for later use, we record the following inequality which is a direct consequence 
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of the last one, 

(4.24) sup ||aa,/[7VM](i)|U2(R,.) 

te[o,T] 
< C4(log(2 + T)f'^r-\r)-''^+'d.duU^(^^.T],Ll) 
A\\n\\'i'M'i' + \\u\\l\lurEj-' ■ 



With these two Propositions 14.11 and 14.31 in hand, the proof of Theorem 11.21 
proceeds similarly to that of Theorem 11.11 With 

Ai := \\Ur)\\irUTl^\ + \\uA\rr,-l,„„., l = 1,2 



M :— ll"o|lii-x(R") + ll"i|lij>-i(R")7 



5 ^ ; 



we find by Propositions 14.11 and 14.31 that the mapping $, defined by (14. 3p . is a 
contraction mapping from X(2CiAi, 2CiA2;T) into itself, for any T > provided 
that 

(4.25) Ci log(2 + T){2CiY-^{K\''^k\''^ + K\-'KIY'^ < 1/2 , 
and 

(4.26) C5 log(2 + T){4Ci)p-\aY'^AI^'^ + AJ-"A^)p-i < 1/2 . 
Define a positive constant Cg by 

Cg-i =max(2C5(4Ci)P-\2C4(2Ci)^-i) , 
and set T, according to 

log(2 + r,)(A}/'A^/' + A}-^A^)P-i = Ce , 
which is possible in general only if 

e = Ay'Ay'+Ai-^A^<l . 
That is 

(4.27) T, ^ cxp{Cee^-P) - 2, e < 1 . 

Since $ is a contraction mapping in X{2CiAi,2CiA2;T^,), the unique fixed point 
u e X(2CiAi, 2C1A2; T^,) is the solution which we seek. 

To complete the proof of Theroem 11.21 we need also to establish the regularity 
of u, i.e., 

(4.28) 9>eC([0,r,];ij2-»(]R")),z = 0,l, 

and the uniqueness of the solution u. 

First, for the problem of regularity, it suffices to show 

5>eC([0,r,];iJ2-»(M«)),j = 0,l . 

Indeed, since u e LE2{T^), we know that 

\\r-'{r)-'^'+'d,du\\L2^lo,T.];Ll) <°° ^ 
and so 

lim |lr-^(r)-i/2+^a,au|U.([o,T];L^) = . 

T— >0+ 



GLASSEY CONJECTURE 21 

Using the inequality (|4.24p and (|4.25|) . we have 

\\ddAuiT)~um\\Li 
= \\dd4'i>[u]iT)-umui 

< \\ddJ[N[u]]iT)U. + Wdd^u^^HT) - ^(0))|U. 

< C4(log(2 + T)y/^r-\7r'^''+'d^duUmo.T];Ll) 

x(ikiis?ii"iil/>ii"ii^rii"iikr'+o(i) 

< \\r-'{r)-^/^+'d,du\\m[o,T];Ll) + 0(1) = o(l) 

as T — )• 0+. This proves the continuity at t = 0. A similar argument will give us 
the continuity at any t € [0,T*]. 

Now, we turn to the proof of uniqueness. Assume that there exists another 
solution V g Xt, H CtH^ n C}H^, with the same initial data. Recall that u,v E 
CtH^ n C}H^. If we restrict these solutions to small enough time interval [0,r], 
owing to dd"{u — v){0) = 0, we have 

Yl ll^^"^llc([0,T];L2) < Yl i\\^^xiu-v)\\c(lO,T]:Ll) + \\dd°u\\c{[0,T]-Ll}) 

|a|— i— 1 |a|— 2 — 1 

< o(l) + 2CiA, , 
as T ^- 0+. Using the inequality (|4.12p . we see that 

\\r-\r)-^/'+'d{u-v)h2^[o,nLl) 
< C, log(2 + T)\\r-'{r)-'/'+'d{u - «)|U.([o,t];L^) 

^i\\u\OH%' + ME^Mk + M'J'M'J.! + MeTM^jp-' 

provided T > is small enough, where we have used (|4.26p . By this, we conclude 
that u = V for i € [0, T], which shows the uniqueness. This completes the proof of 
Theorem HH 

5. Glassey conjecture when p < Pc and n > 2 

In this section, we aim at giving the proof of Theorem II. 31 for n > 2. As we will 
see, the argument in the previous section can be adapted to the scale-supercritical 
case p < Pc, for n > 3. The argument in the previous section does not apply when 
n — 2, owing to the fact that current techniques do not yield the inhomogeneous 
KSS type estimates (|3.12p for n — 2. Alternatively, applying the homogeneous 
estimates in Lemma |3. II gives us the proof. 

In this section, by 5 in LE norm, we mean 



(5.1) 5 = 



(«-i)(p-i) 



2 



(„-l)(p-l) 
4 






Note that < 5 < 1/2. 

We aim at showing that $ is a contraction mapping of X (i?i , i?2 ; T) , if we choose 
i?i, i?2 and T suitably. As before, the estimate of the homogeneous solution, u^°\ 
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is given by Proposition 14.11 We only need to obtain a similar estimate for the 
inhomogeneous part. 

Proposition 5.1. Let I < p < pc, u G Xt and S as in ()5.ip . Then there is a 
positive constant Cj, independent ofT>0, such that the following estimates hold 

(5.2) ||/[iVM]||^. + ||/[7VM]|U^. 

Moreover, we have 

(5.3) \mu]-^v]\UnLE, 

< CsT'-^''-''>^P-'^^^{\\u\\E,nLEM\E,nLE, + \\v\\E,nLEM\E,nLEj''-''>/^ 
'x\\u-v\\lei 
for some Cg, independent o/T > 0. 

Remark 5.1. From the proof of (|5.3p . we can extract the following estimates. If 

1 < p < inin(pc, 2), then 

(5.4) ||r-^a($M-$H)||L2([o,T];L-j 

x||r"'^9(M-?;)||i2([o^T];L2) . 
If2<p <3 andn^2, 

(5.5) ||r-*($M-<I>H)|U.([o,T];L^j 

< CsT('-p^/H\\u\\eM\e, + MeM\eJ'-'^^' 

1 /9 

Remark 5.2. From the proof of (|5.2p iwii/i i = 2, we can extract the following 
estimates. If I < p < inin(pcj 2), then 

(5.6) ||aa,($M(r)-u(o))|U2 

< \\ddJ[N[u]]{T)\\L2 + \\dd,iu^'>HT) ~ umWLi 

< C7ri-("-i'(p-i)/2(hb,hbJ(^-^'/'r*-^/'||r-^9a.«IU2([o,T];Lj) + o(i) 

asT ^0+. If2<p<3andn = 2, 

(5.7) \\dd,mu]{T)-u{0))U2 

< \\ddj[N[u]]iT)u. + ||aa,(«(")(T) - «(o))|U2 
x||^-(p-l)/4aa,^,||^//(^^,,J^^,J + o(l) 

asT^O+. 

Proof. We will deal with three different cases: 1 < p < 1 + l/(n — 1) when n > 2; 

2 < p < 3 when n = 2; and 1 + l/{n — 1) < p < Pc when n > 3. 
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Case i) 1 < p < 1 + \/{n - 1) with 5 = {n - l){p - l)/2. First, by ^^ and 
Lemma [231 we liave for ii E Xt, 



(5.8) |au|<Cr-("'i)/2(h|U,hlUJi/2. 

By ((5^ and (|i^ . it is clear tliat, for i = 1, 2, 

J2 \\d^N[u]U. - ^ ^ \\\dur'd^du\\r.. 

|q|— z— 1 |q|— i — 1 

\a\—i — l 
\a.\—i—l 

Now applying Lemma [3. II to d^u with |a| < 1 and uq — ui — 0, we have for 2^1,2, 

||/[iVM]||£,nL£. 

< C ^ \\d^N[u]h.ao.T]:Ll) 

< CT'/^ Y. I|9"^MIU^([0,T];LJ) 

|q:|— i — 1 

\a\—i — l 

< CT''\\\u\\eM\e,)^'''-'^/^\\u\\le, ■ 



This proves (|5.2p . A similar argument with (|4.7|) instead of (|4.6p will yield (|5.3p . 

Case ii) 1 + l/(n — 1) < p < Pct n > 3 and (5 = (n — l)(p — l)/4. In this case, 
we may use Lemma 13.21 instead. Applying it to d"u with |a| < 1 and uq = ui = 0, 
we have for i — 1,2, 

\\I[N[u]]\\e^ + \\I[N[u]]\\le. 

\a\—i — l 

< ct'/'-\\\u\\eA\u\\eJ''-'^/' E l|r-("-^)(^-^)/V^9,"a^|u.ao,T];L^) 

|a|— -i — 1 

< CT'~'\\\u\\eM\eJ^'-'^/'t'-^/' Y \\^''dSduh^ao,Ty,Li) 

tQ|=J-l 

< CT'-^\\\u\\eM\eJ''-'^/'\\u\\le, , 

where we have used (|5.8p and (|4.6p . Using (|4.7p instead of (|4.6p . (|5.3p follows 
similarly. 

Case ill) 2<p<3, n = 2 and (5 = (p — l)/4. Notice that Lemma [2.31 with 
s = (3 — p)/4 > gives us 

Wr-^^-'^ML^Ll < V2||r-(^-i)/4.|lif(«.)|lr-(^-i)/4a.u|lif(j,.) . 
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Then for i — 1,2, we obtain by using Lemma l3. II 

\\I[N[u]]\\e^ + \\I[N[u]]Ue. 

< C- XI II^"^MIIli([0,T];L2(E2)) 

|a|=i-l 

< C'(||u|UJ|u|UJ(P-2)/2 ^ \\r-(p-')/^dud^duh.^io.nLi 

\a\—i — l 

X E \\r-^''-''>^'d-duU2ao,T];Ll) 

\a\=i-l 

|a|— z— 1 

< CT'-^'{\\u\\EA\u\\E,Y^-'^/^{\\u\\LE^\\u\\LE,y/'\\u\\LE^ , 



where we have used (|4.6I) and Lemma [ 

The estimate (|5.3p follows from the similar arguments by using (|4.7I) instead of 
(|4.6p . This completes the proof. ■ 



With these two Propositions l4.ll and l5.ll in hand, it will be easy to show Theorem 
[Ql Setting 

A^ := ||uo|lij«(R.) + l|wi|lij>-i(R™), ^ = 1,2 , 

we find by Propositions 14.11 and 15. ll that the mapping $, defined by (j4.3p . is a 
contraction mapping from X{2CiAi,2CiA2;T) into itself, provided that 

and 

Define a positive constant Cg by 

^~(i-(n-i)(p-i)/2) ^inax(2C78(4Cif-\2C7(2Ci)^-i) , 
and set T* according to 

^-(l-(n-l)(p-l)/2)y^l-(n-l)(p-l)/2.^^^_^x(p-l)/2 ^ -^ 

that is 

(5.9) T, = C9(AiA2)~^-<"-ihp-i) . 

Since $ is a contraction mapping of X(2CiAi,2CiA2;T*), the unique fixed point 
u e X(2CiAi, 2C1A2; T*) is the solution which we seek. 

To complete the proof of Theroem 11.31 we also need to establish the uniqueness 
of u in Xt.^ , and the regularity of u, i.e., 

(5.10) dlu e C{[0,T,]; H^-'iWj), I ^ 0,1. 

First, for the proof of uniqueness, assume that there exists another solution v G Xt.^ , 
with the same initial data. Recall the estimates (15.41) and (15.51) . If we restrict these 
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solutions to small enough < T < T*, wc have 

\\r-^d{u-v)\\L2(^a,T],Ll) = ||r-*9($M-$H)||i2([o,T];L^) 



< 



1, 



-\\r (9(u-w)||i2([o,T];L^) 



2 



Combining this with the fact that u and v share the same initial data, we conclude 
that u — V for t G [0, T], which shows the uniqueness. 

By Remark[01 1 - (n - l)(p - l)/2 + (5 - 1/2 > 0, and the fact that r'^dd^u G 
L^{[0,n];Ll) (and so 

\\r^^ ddxU\\L-HpTyj^2j = o(l) 

as r ^ 0+), we see that ddxu(T) converges to ddxu{0) in L^. This tells us that 
the continuity at i = 0. A similar argument will give us the continuity at any 
t € [0, r*]. This completes the proof of Theorem II .31 



6. Glassey conjecture when n — 2, p > Pc 

For this case, it seems not enough for us to prove global results by applying the 
KSS type estimates, mainly because we do not have the favorable inhomogeneous 
estimates as (|3.12p in Lemma \S7I[ 

Instead, we want to present a proof based on the recent generalized Strichartz 
estimates of Smith, Sogge and Wang [19] (with the previous radial estimates in 
Fang and Wang 2^). 

Lemma 6.1 (Generalized Strichartz estimates). Let n = 2 and q € (2,oo). For 
any solution u — u(t, x) to the wave equation p.ip . we have the following inequality 
with s = 1 — 1/q, 

(6.1) ||au||L,([o,oo);L~L2(R2)) < CgiWdxUoWfj, + \\ui\\fj, + \\F\\^ifjs) , 

where C is independent of the functions uq, ui and F. 

With these estimates, we are able to present a simple proof of Theorem ll.4l Let 

A« := I|wo|Ih.(k") + ||Mi||ff.-i(R->), i = 1,2 . 
By using ()4.6|) and the energy estimates, we have 



(6.2) \\d<^[u]h^Ll < CAi+C\\N[u]\\lili 



and 



(6.3) \\ddx<^[u]U^Ll < CA2 + C\\dxN[u]\\LiLi 

< CA2 + C\\du\f-'_, Wddxuh^Li 



Recall the convex inequality 



\m-«<\\f\\Uf\\'H^^ ^e[0,l], 
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together with ()4.6|) . Lemma EH] and Lemma [231 We see that for p > 3, 

(6.4) m[u]\\^^-.^^ 

< c||au(o)||^i-i/(P-i) +c||^^MIIl;hi-v(p-i) 

Moreover, we have 

(6.5) ||9($M-$H)|Uc.i. 

< C\\N[u]~N[v]\\l.l. 

< c{\\du\\^,-.^^ + \\dv\\^,-.^^r-^\\d{u- v)\\l^lI ■ 

Let eo > be the number such that 

C(4Ceo)^^^ = 1/2 . 
If 

then we see that $ is a contraction mapping in Y{2CAi,2CA2,2Ce). Here the 
complete space Y{Ri,R2,R3) is defined as 

r(i?i, i?2, i?3) ^ {ue CtHl^ n cIl],^- Wdu^^^i < Ri, 

\\ddxu\\L^Li < R2, \\du\\^p-i^^ < R3} 

with the metric p(u,v) — \\d{u — w)||l°°l2. 

To prove the regularity, we only need to show the continuity at t = 0. For that, 
since du e LP~^([0, 00); L'^), we have 

\\dd.{u{t)-um\\Li 

< \\ddJ[N[umU2 + \\dd,{u^"Ht) - u{0))U2 

< \\d.N[u]\\Lia0.t];Ll)+oil) 

< C'll^"llL7-i([o,t];L-)ll^^:r"IUri^ +«(!) = °(^) 

as t -^ 0+. This tehs us that u e CtH'^ n ClH^. 

For uniqueness, suppose that there exists another solution v G YnCtH'^DClH^, 
with the same initial data. Using the inequality (j6.5p . we see that 

\\d{u-v)\\c,{[0,T]-Ll) 
= ||5($H-$H)||c.([0,T];L2) 

< o{l)\\d{u-v)\\c,([o,T];Li) 

as T — > 0+. Thus by choosing T > small enough, we conclude that u = v for 
t e [0, T], which shows the uniqueness. This completes the proof of Theorem 11.41 
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